In this work, we study Hopf bifurcations in the extended Lorenz system,ẋ = y, y = mx -ny -mxz -px 3 ,ż = -az + bx 2 , with five parameters m, n, p, a, b ∈ R. For some values of the parameters, this system can be transformed to the classical Lorenz system. In this paper, we give conditions for occurrence of Hopf bifurcation at the equilibrium points. We find totally three limit cycles, each of them located around one of the three equilibria of the system. Numerical simulations illustrate the validity of these conditions and the existence of limit cycles.
Introduction
At , E.N. Lorenz presented the first chaotic system, now called the Lorenz chaotic attractor, which can be formulated as follows [ , m = σ (ρ -), p = , n = σ + . System (.) was introduced recently in [] as the extended Lorenz system. Few results are reported on this system so far. In [] , the authors studied the birth of the Lorenz attractor in the extended Lorenz system and revealed relations between the extended Lorenz system and the Lorenz system.
The extended Lorenz system (.) is invariant under the transformation (x, y, z) → (-x, -y, z). So the orbits of system (.) are symmetric with respect to the z-axis. 
n, and -a. This implies that, for m < -n   , the Jacobian matrix has a pair of complex eigenvalues. If additionally we assume that a > , then the system may undergo a Hopf bifurcation around O at the critical value n = . This paper is organized as follows.
In Section , we analyze the Hopf bifurcation of the extended Lorenz system at the origin. In Section , we study the Hopf bifurcation at the nontrivial equilibria A and A . Numerical simulations illustrate the validity of the theoretical analysis in the last sections.
Hopf bifurcation of the origin
In this section, we analyze the Hopf bifurcation at the origin of coordinates. Proof Whenever m < -
, system (.) has a pair of conjugate complex eigenvalues
and a real eigenvalue λ  := -a. Hence, system (.) has a simple pair of purely imaginary eigenvalues as n =  and no other eigenvalues with zero real parts since a = . 
. After a simple calculation, we havė
When n = , m = -ω  <  (ω >  is an arbitrary real constant), and a = , system (.) satisfies the center manifold theorem [] . Thus, the center manifold W c has the repre-
with unknown w ij ∈ C. Since W must be real, w  is real, and w  =w  . Let us rewrite system (.) at n = :
Substituting (.) into (.)  and using (.)  , we get, at the quadratic level,
Thus,
and the center manifold W c is
Now the restriction of (.) to its center manifold, up to cubic terms, can be written as follows:
where we omit higher-order terms when considering the Hopf bifurcation. Now we can compute the first Lyapunov coefficient. There are three methods to compute the Lyapunov constant: the Poincaré map, the Poincaré formal series, and the norm form method. According to Han's book [], pp. -, these three methods are equivalent to each other, and the Lyapunov constants obtained by the methods are the same up to a positive constant. Here we adopt the formal series method because it is easier to compute by algebra system.
Using the relationship u =
, we have
where r = √ u  + v  . By using the Maple program edited according to the formal series algorithm we obtain the first Lyapunov constant
and the formal series
Since m < , the denominator of (.) is positive, so L  and the parameter b have the same sign. Thus, we have the result of the second part of Theorem .
When b = , the center manifold of system (.) is w = , and the restriction of system (.) in the center manifold becomeṡ
If n = , then system (.) is a Hamilton system with the Hamiltonian function
There exists a family of periodic orbits given by L h : H(x, y) = h, h ∈ (, +∞). Because the limit cycle is an isolated periodic orbit, system (.) and, equivalently, system (.) have no limit cycles in this case. If n = , then limit cycles also do not exist becauseḢ = -ny  is a constant function. The last part of Theorem  is proved.
To illustrate the conclusion, we show in Figure  the limit cycle in the phase space for a = , b = -, m = - (n = , p = ). First, we move the equilibrium to the origin of the coordinates under the following change of variables:
The extended Lorenz system (.) thus becomes:
The Jacobian matrix of the linearization of system (.) at the origin is
with the characteristic equation
where
When we consider the Hopf bifurcation of a system at an equilibrium, we hope that the Jacobian matrix of the linear part of the system at the equilibrium has a pair of purely imaginary eigenvalues and no other eigenvalues with zero real part. As to three-dimensional system, this means that the characteristic polynomial of the Jacobian matrix should be formulated as P(λ) = (λ + p  )(λ  + p  ) with p  =  and p  > . Expanding this form, we know that p  and p  are the coefficients at λ  and λ, respectively, and the constant term of the polynomial is p  p  . At this moment, the three eigenvalues of the Jacobian matrix are λ  = -p  and λ , = ±i √ p  [] . By this fact we have the following proposition.
Proposition  The polynomial (.) has two purely imaginary roots if and only if a
In this case, the roots are λ  = -a -n and λ , = ±iω, where ω = an + amp ap+bm .
We choose the parameter p as the bifurcation parameter. Setting λ = λ(p) and applying the implicit function theorem to (.), we have dλ dp = -dP dp dP dλ and Re dλ dp λ=iω,p= abm 
whenever an =  and m + a  + an = , where L = am + a  + a  n + mn + an  + n  .
Next, we computer the first Lyapunov constant of system (.). We consider system (.) at the critical parameter values (.) and perform the linear change
. We transform system (.) into the complex form
The center manifold W c now has the representation
Thus, we havė
Substituting equation (.)  into the last formula, we geṫ
According to equation (.)  , the differential of W readṡ
The two formulas are identical, and we equate the coefficients to get
Thus, we obtain the representation of center manifold
and the restriction of system (.) to the center manifolḋ
Returning to the real form, we have
where the coefficients k ij are given as follows:
By using the formal series method we find the first Lyapunov constant
Therefore, we have the following: Due to the symmetry, the same result can be obtained at the other nontrivial equilibrium A . So we find two limit cycles around the two equilibria A and A , respectively.
To illustrate this conclusion, we show in Figure  the limit cycle around the equilibrium A in the phase space for a = , b = , m = , n = , p = . The initial value is (., ., .). In this case, the first Lyapunov constant is L  = .. 
Conclusion
In this paper, we analyze the existence of Hopf bifurcation in an extended Lorenz system. We show that a nondegenerate Hopf bifurcation arises at each of the three equilibrium points, the origin and two other nontrivial symmetric equilibria. We find totally three limit cycles, one for each of the equilibria. In each case, we reduce the system to a two-dimensional center manifold and compute the first Lyapunov constant L  . Due to the complex form of the analytic expression of the Lyapunov constant and the multitude of parameters, we cannot fully analyze the sign of L  at the nontrivial equilibria. We illustrate the results by numerical simulation using Matlab Ra for some particular parameters.
